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I. LNTR~DUCTI~N 
Throughout this paper, M will denote a compact Riemannian globally 
symmetric manifold of rank one [14]. Let the group Iso of all isometrics 
of M be equipped with its natural Lie group structure [17]. If G denotes the 
neutral connected component of Iso and K denotes the stabilizer of 
some base point 21 t M, then K is a closed subgroup of the compact 
connected Lie group G and M is diffcomorphic to the left coset space 
G/K. The Riemannian symmetric pair (G, K) is either of the Euclidean type 
or of the compact type. In the first case, M is diffeomorphic to the one- 
dimensional torus group U. Since we are interested only in the case 
dimlw A4 > I, we shall suppose that G is a semisimple compact connected 
Lie group. 
Let !L be the normalized Haar measure of G and K : G --) A4 the canonical 
surjection. Then v -= K(p) is the normalized G-invariant Radon measure 
on M. It is well known that (G, K) forms a Gelfand pair [IO. IS]. Thus K 
is a massive subgroup of G. Let A? denote the unitary dual of M, i.e.. the 
set of all equivalence classes of continuous irreducible unitary representations 
of G that are of class 1 with respect to K [7, 8, 241. For each A E A? there 
exists a complex Hilbert space X,,(M) of finite dimension dA that is invariant 
with respect to the action of G on A4 such that L,“(M; v) admits the Hilbert 
sum decomposition 
I&M; v) = @ X,&$f) 
,\tA 
corresponding to the Peter--Weyl decomposition of the complex Hilbert 
space Lc2(G; p). The spaces (XA(M))A,~ consist of continuous complex- 
valued functions on A4 and are minimal G-invariant vector subspaces of 
Lc2(M; v). 
236 
Copyright cc,, 1977 by Academic Press, Inc. 
All rights of reproduction in any form reserved. ISSN 0021-9015 
APPROXIMATION ON COMPACT MANIFOLDS 237 
Lety denote a grouping of A& i.e., a family of finite subsets of i@ that are 
strictly increasing with respect o inclusion and cover the whole of &. For 
any J E $ let X1(M) = OAE, ZA(M). Moreover, let 
QJ : ~CW) - r%;(M) (1) 
be a continuous linear projector, i.e., a continuous idempotent linear mapping 
of the complex Banach space %‘e(M) onto its vector subspace XJ(M). 
In the present paper we ask the following question. Given $, does the 
family (QJ)JEf define a convergent approximation process in %?c(M)? In 
other words: Does the (uniform) convergence 
hold for each function f E Ve(M) ?A negative answer will be given in Theorem4 
of Section 4. The proof is based on the classification of compact Riemannian 
globally symmetric manifolds of rank one that is outIined for the reader’s 
convenience in Section 2. It proceeds in several stages that are of some 
interest for their own sake (Sections 3 and 4). Section 5 deals with the case 
M = s.3 in view of the fact that S, assumes a distinguished role among the 
compact spheres (C$J,>* . Finally, Section 6 is concerned with some addition- 
al comments. 
2. COMPACT RIEMANNIAN GLOBALLY SYMMETRIC MANIFOLDS OF RANK ONE 
Keeping to the notations of the preceding section, let AC(M) = Vc’(M) 
be the vector space of all complex Radon measures on M and (., 0) the 
canonical bilinear form associated with the duality (V,(M), A!,,(M)). For 
each class X E &’ let H,, > 0 be the Schwartz kernel of Z&(M) E Hilb(Ve(M)) 
with respect to the Banach space %Tc(M) [22]. If E, E d&(M) denotes the 
Dirac measure located at the point x E M then the zonal K-spherical function 
yw,\ E PA(M) of positive type with pole y E M is given by 
For each JE $ the Fourier projector PJ : Ve(M) -+ XJ(M) takes the form 
To determine explicitly the functions @,&a it should be observed that M 
is a compact two-point homogeneous pace. According to the classification 
of these spaces [25] the following list of compact Riemannian globally 
symmetric manifolds of rank one and real dimension IZ > 1 is complete [15]: 
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(i) A4 =- ST, , the spheres of dimension II -. 2: 
(ii) A4 -- P,(R), the real projective spaces of dimension II :,J 2: 
(iii) A4 P,,(C). the complex projective spaces of real dimension 
n 24, ns2N; 
(iv) M P.,,(W), the quaternionic projective spaces of real dimension 
n 3 8, n F 4N; 
(VI M F (Cay), the Cayley elliptic plane of real dimension I6 
The Riemannian symmetric pairs (G, K) such that M is diffeomorphic to 
G/K are as follows: 
(i) G SO(n -; I) K --= SO(n), n 2: 
(ii) G SO(Ir $- I) K : O(n),n 2: 
(iii) G -- SU( i/7 .‘~ I ) K S( U( An) :% L ( 1)) I? 4, I? F 2N : 
(iv) G = @C&7 A- 1) K ~- S&in) x Sp( I ), /I .-- 8, /z E 4N ; 
(~1 G Fa(-x) K -: SO(9). 
All the geodesics in M are simply closed and have the same length 2/ where 
C ) 0 denotes the diameter of M. Let zFP%~(~M) be the closed vector subspace 
of %e( M) formed by the zonal functions ,f~ % e( M ). Clearly, ~“C;%‘,J ,LI ) may 
be identified with the complex Banach space %,J K ,G/K) and J’F % c(M) 
belongs to 3’0CG/e(M) if and only if,fdepends only on the distance H,,. F [O. /] 
of its argument .Y EM from the base point 11. More precisely, we have 
f~ 30%,(M) if and only if there exists a function ,f’: E %,( [ ~-~ I. I]) such that 
the identity 
f(s) ~-: J’>(cos 2/q,.) 
holds for all points x E M with a suitable number I,, : z 0 depending upon the 
metric of M. The mappingf-~+,fh defines an isomorphism of Y”c%e(M) onto 
cG,([-1, +I]). 
The zonal K-spherical functions (g~n)nta of positive type on M with pole 21 
are eigenfunctions of the Laplace-Beltrami operator d of M. If we choose 
a geodesic polar coordinate system with pole at the base point II and colatitude 
19, the radial part of d takes the Jacobi operator form 
The multiplicities p > 0 and q , I 0 are determined by the structure of the Lie 
algebras of G and K [4]. We quote the following list from Helgason 1151: 
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(i) M = S, p=o q=n-I e,=rr/2C,n>2; 
(ii) A4 = P,(R) p = 0 q=n-1 i0=z-/4e,n>2; 
(iii) M = rrP,(C) p=n-2 q=l e, = ?r/2e, n > 4, n E 2N ; 
(iv) A4 = P,(W) p = IZ - 4 q = 3 lo = n/28, n > 8, n E 4N; 
(v) M = P(Cay) p = 8 q=7 e, = 37128. 
If &l is identified with a subset of IV by means of the natural bijection and 
PggB) denotes the Jacobi polynomial of degree m with indices 
01 = 3(p f q - l), p = iK4 - 1) 
and standardization PCTB’(l) = (“2) then we have the list: 
(i) A4 = .% 4w,Q : 0 --+ a,Pgl”) (cos 2&Q m E N; 
(ii) A4 = P,(R) !w,li : 0 -.+ a,P$!“) (cos 2&B), m E 2N; 
(iii) A4 = p,(C) (wmq : 0 A+ a,Pg,“) (cos 2&Q, m E N ; 
(iv) A4 = p,(W) I~,Q : 0 - a,Pg’B’ (cos 2eoe), m E N ; 
(v) M = p(Cay) (I~,p : e - a,Pg*@ (~0s 2eoe), m E N. 
Here (am)m>o denotes a sequence of standardization constants. 
3. PRELIMINARY RESULTS 
Let %7&R) be the vector space of all bounded continuous complex-valued 
functions on the real line IF! equipped with the CebySev norm I/ . /lm. Denote 
by E the closed vector subspace of the complex Banach space %‘cb(R) formed 
by all functions f E Wcb(lR) that are even and have the period 27~. Moreover, 
for an arbitrary finite subset J0 of N such that 0 E J, let EJ, be the vector 
subspace of E spanned by the even trigonometric monomials 
and 
{e - cos ne i n E J,) 
the Dirichlet kernel associated with J, . 
THEOREM 1. LetLJO : E --f E be a continuous endomorphism ofthe complex 
Banach space E that is idempotent and satisjies LJO(E) = EJ, . Then the 
estimate 
holds. 
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Proof. Identify E in the natural way with a closed vector subspace of the 
complex Banach space ‘e,(T) and let Fj,, : E of -+,f* DJO E E be the Fourier 
projector associated with J,, By an adaptation of the reasoning used in 
Cheney [5, Chap. 61. in the special case J,, {I, 2...., N} we obtain via ;I 
symmetrization formula the estimate 
as contended. 
THEOREM 2. Suppose that 0 c. k c. 6-““(1 Ed “) and let N ~~ Card(J,,) 
be suflciently large depending upon k. [f the mapping LJ,, : E --•, E satisfies 
the hypotheses of Theorem I then the inequa1it.i. 
obtains. 
Proof. Combine Theorem I with the Cohen-Davenport-Pichorides 
theorem ([6, 91; also see [I. 161). 
4. DIVERGENCE THEOREMS 
By virtue of the results obtained in the preceding section we are now in a 
position to prove the following divergence result. 
THEOREM 3. Let M denote a compact Riemunniun globally symmetric 
manifold of rank one. Suppose thatf is a grouping sf its unitary dual ii?i C N 
such that 0 E J,for all sets J E/ and S m=- {xi I j c- Nj is a preassigned sequence 
qf distinct points belonging to M. There exists a,fat subset F ef the complex 
Banach space %“OK~(M) such that 
for all functions f E F and all points x E S. 
Proof. We shall consider the case (i) in the classification of the compact 
Riemannian globally symmetric manifolds of rank one. Thus M z_ S,&. 
n > 2. We have ii?l == N. Fix the north pole II (0, . . . . 0, 1) of S, as the 
base point. For each nz E N, &,,(Sn) is the complex vector space of all surface 
spherical harmonics of degree 117 on S, , i.e.. the vector space of the restric- 
tions to S, of all harmonic homogeneous polynomials of degree r~ in n -! I 
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real variables and complex coefficients. The complex dimension of XJ!$) 
is given by 
m-2)!(n+2m-1) 
Furthermore, clllll is the zonal spherical harmonic of degree m with pole 1 
([3] or [19, Part II, Chap. III]). Since 8 = r, 26, = 1 we have in the present 
case 
To adopt the customary notation and normalization, let Pg’ denote the 
ultraspherical (or Gegenbauer) polynomial of degree m and index h > -; 
with standardization Pz’( 1) = (?$-‘). 
Put 
b, = 
n+2m-I 
n-l -. 
Then the zonal spherical harmonics (fl~m)m,o give rise to the functions 
p,~: Q - bnL,(5’J (cos 0) (m E N). (3) 
Let the sequence (c,),>” form the spectrum of the complex commutative 
Banach algebra %O&l(M; V) == &l(SO(n)\SO(n + l)/sO(n)). The charac- 
ters c, take the form 
cm : f - U/a’,) .I,,,+,, f(4 own(~-ll) 44) 
and for each J ~2 the restriction L, = PJ / 5?‘6%‘?c(~~) of the Fourier 
projector (2) admits the representation 
From an expansion of the generating function we obtain the trigonometric 
representation 
p,,(F) (cos e) = 2 c cyYi,,~j cos(m - 2jj e 
O<j<i[rnl 
of the ultraspherical polynomials occurring in (3). The coefficients are 
242 WALTER SCHEMPP 
(see [23, Chap. IV]). Let J, == ullLEJ {IH - 2j 4 0 :: j .% +[n~]}. The mapping 
satisfies the hypotheses of Theorem 1. Thus, by Theorem 2, we obtain 
For each J E N define the lower semicontinuous seminorm pj : 5?&%c(!5,r) -+ 
R., u {-I- co] according to 
Moreover, let 
% {,f Ed 26% c( S,)) k)7,(.t) ;- ,m/ 
and suppose that Z is a nonmeager subset of the complex Banach space 
9@%c(S1J. An application of the uniform boundedness principle entails 
the existence of a numberj,, E N such that /‘j,, is finite valued and continuous 
on 9’0’??c(.5$J. Thus we have 
But this is contradicted by (4) showing that Z is a meagre set and the com- 
plement F of Z with respect to gP6c(s,,) is fat. The theorem is thereby 
established for the case (i). The proof for the cases (ii)--(v) proceeds similarly. 
THEOREM 4. Let the manijbld M and the grouping/ he us in Theorem 3. 
If ( QJ)JE3 denotes a family of continuous linear prqjectors as in ( 1) then there 
exists a funcfion,f E Kc(M) such fhat the con&ion 
sup QJf’,’ r. 
JF ?’ 
x 
holds. Thus the approximation process ( QJ)JCx is ciilicergent in ‘Cc(M). 
Proof. By the preceding theorem we have 
The CharshiladzePLozinski theorem for G-homogeneous Banach spaces 
[I I, 121 implies via the Marcinkiewicz-Berman symmetrization formula 
that the inequality 
j p, Q., (Jr-V, 
holds. 
Thus an application of the Banach-Steinhaus theorem yields the result. 
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Remark 1. Theorem 4 remains valid when (Q,)JEf denotes a family of 
continuous linear projectors of the Lebesgue space L&M; V) into the vector 
subspaces Z&V), J E $. 
Remark 2. It should be emphasized that Theorems 3 and 4 are valid for 
arbitrary groupings $ of i@ For the case of special groupings see [I 1, 121. 
In this connection also see [13] and the paper [21] for a survey. 
5. THE CASE A4 = .& 
Let H be a compact Lie group of positive dimension. If H acts freely on a 
compact sphere S, , II 3 1, then H is isomorphic to a subgroup of the 
special unitary group SU(2) (cf. [2, Chap. III]). Specifically, there are precisely 
three possibilities: H = U, H =: N(U) the normalizer of T, and H = W(2). 
If SU(2) is considered as the compact group 
i 
4 = qJ + C q&c W I4 I = 1 
l<k(3 I I 
of unit quaternions, then N(T) is generated by T and j, and has two connected 
components Y and j,U. Thus the sphere S, (n > 1) carries a Lie group struc- 
ture which is compatible with its topology if and only if IZ = 3. In the case 
M = S, the zonal spherical harmonics, the zonal X)(3)-spherical functions 
of positive type on !&, and the characters of SU(2) coincide up to some 
standardization constants with the CebySev polynomials of the second kind. 
Since Z’@Wc(553) may be identified with the center 5?“Vc(SU(2)) of the complex 
convolution algebra Vc(SU(2)), Theorem 3 implies the following special result. 
THEOREM 5. Let $ be a grouping of N such that 0 E J for all sets J E 2 
and S a countable set of points in SU(2). There exists a fat subset F of the 
Banach space 37?~(SU(2)) of all central continuous complex-valued functions 
on SU(2) such that 
lim P,f(x) = + co 
JE/ 
for all functions f E F and all points x E S. 
Recently Price [20] has proved this result by an extension of the Cohen- 
Davenport theorem to the compact unitary groups U(2) and SU(2). 
6. CONCLUDING REMARK 
The proof of the preceding results are based on the symmetrization tech- 
nique (Theorems 1 and 4) and the Cohen-Davenport-Pichorides theorem. 
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In a forthcoming paper some additional applications of this method will 
be given. In particular, the problem of noncomplemented vector subspaces 
of Banach spaces will be investigated. 
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